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1 Comments to slides



1.1 Comment to Distribution

Discrete random variable - probability function (pf)

Continuous random variable - probability density function (pdf)

Fy (y) = P (Y <y) distribution function

fy<y>=%jy) S Fy<y>=/y fv (8) dt

-+« probability of a single value is always zero !!!



Continuous random variable

fly)4

Instead of values of y we will speak about their neighborhoods O,. Then probabilities of values must
be understood as probabilities of their neighborhoods. By “higher probability of y” we understand
higher probability of values from its neighborhood.



1.2 Model of a false coin

ye e {L,2}, Plyy=1)=p; Py =2)=1—p

Probability function

w |12
f () \p1 P2
where pi,ps > 0 and p; + po = 1.
Two coins
coin = 1,2
f (z|coin)

coin ‘ 1 2

1 P11 D12
2 P21 P22



1.3 Controlled coin with memory

us € {1,2} - control variable

f (elue, ye—1)

U, Y1 | Y =1 yp =2
11 O Oz
12 O112  Op2
21 O121 O
22 O122 B2

where 11 — 1; 12 — 2; 21 — 3; 22 — 4 can be viewed as denotation of four coins (each with its

own parameters). The choice of the coin is given by the choice of u; and the last result y, ;.

Two variables coded to one.



1.4 Bayes rule

Derivation

f (A, BIC) = [(A]B,C) [ (B|C)
= [(B|A,C) [ (A[C)

f(BJA,C) f(AIC)

HABO == B0

o f(B]A,C) f(A|C)

Application to estimation

f (Qyt>{ut,d(t 1)}) x f (yt{ut7d(t 1)},@) f (@{ut,d(t 1)})

d(t) Pt d(t—1)

£(O1d(1) = f (u}v.0)f (Bld (¢~ 1))

posterior model prior




1.5 Recursive estimation

Model  f(y:|tr,©) = aexp (—ay) -+ © =a, P =]
Fort =1,2,--- the likelihood will be:

Ly = aexp(—ay;)

Ly = aexp (—ay;) aexp (—ayz) = a®exp (—a(y1 + y2))

For general time ¢

t—1 t
Ly = aexp (—ay,) a" exp (—a Z yi) = a'exp (—a Z yz>

=1 i=1

~~

L

Statistics



Final likelihood

L; = a"™ exp (—aS;) - -+ Gamma distribution

Update of statistics
ke =K1+ 1 Sp =51+

with k9 =0, Sg =0

Point estimates J
d—Lt = ra"™ exp (—asS;) — a™ Syexp (—aS;) =0
a



Prior information
Ko 3& 07 SO ;é 0
e.g. from ty prior data the average 7o is guessed (either from data or from an expert - ¢y is then
understand as the strength of the information)
Prior

Ii():to

— =1 — So=tolo
0



1.6 Static normal model in estimation

y=k+e, e~N(0,1)
1 ) 1, ,
f (wlk) ocexp | 5 (g = k)7 ) = exp 5(% — 2ky, + k?)

117 (wilk) o exp (% > (yi = 2ky + kQ)) _

t=1 t=1

1 n n
= exp (5 {ny — 21@2% +nk2})
t=1 t=1

f (k|ld (n)) o exp (% {R—2kS + Tk:2})



maximum

% f (kld () = exp (% (R~ 2S5 + Tk}) S {25+ 2Tk} =0



1.7 Regression model in estimation

Model (normal)

F ol 8) x =0 exp { —o (- vi8) | = (9

(e

<yt —%;)2 = [-1, ‘9/] [ Zi ] [Z/t, w;] [ _(91 ] = [-1, 9’] Dy [ _91 ]

v~

Dy

-0.5 1 / —1
(x)=r eXp{—Z[—l,G]Dt[ 0 ]}

Prior (Gauss-inverse-Wishart)

w—¢ﬁ=—%4ﬁﬂ[%]




1.8 Coin in estimation

Let us estimate a false coin

f (elp1, p2)
y |1 2
f () ‘ b1 P2
where p1,p2 > 0, p1 +p2 = 1.
Statistics
v =, 1]
Update

Vyt:Vyt+1

counts the results y, = 1 and y; = 2.



1.9 Discrete model in estimation

Model (categorical) in a product form

f (yt‘wt, thJz H@ g i|7,yelbt)

where 0 (i|7, y|10¢) = 1 for i|j = yi|¢y and 0 otherwise (Kronecker).

Prior (Dirichlet)
£(©]d(0)) x H S

where the statistics v is a matrix with the same dimensions as model.



1.10 Shift of regression vector

used in program for prediction with regression model

Regression vector at ¢

Yy = Uty Y1, Up—1, Yo—2, Up—2, Yp—3, Up—3, 1
~~ J/
koksk

Regression vector at t 4 1

¢t+1 = | Uit1, Yi» Uty Y1, U1, Yi—2, Ug—2, 1
——— ~ ”

new Hokok




1.11 Derivative of vector function of vector argument

Function
91($1,l’2"'9€n)
o g2 (21,29 -+ - Ty,)
g(z) =
gm(xlny"'wn)
Derivative
991 O ... Og¢
Bz1 612 amn
992 092 ... Og2
@: oz Oz OTn
dx
9gm  Ogm . Ogm

ox1 Ozg Bz,



Example

3ry — 1175
€Tr) =
9(z) T3 + by
0 0(3x1 — 2
g1 _ ( T1 1'11132) _3_ ;p%
014 0,
dg1 03z — x125)
— -9
0wy 0xo L1t
014 o,
dgy O (x4 5xy) .




1.12 Kalman filter as noise filter

g: 18 a smooth signal which we measure with noise as signal y;. We would like to estimate g; as a

state variable x; from the noisy signal y;.

Model

Ty = Tp_1 + Wy

Yp = Ty + 0

e variance of w; determines the changes of the smooth signal

e variance of v, indicates magnitude of the noise.

Program: T47statEst Noise.sce



Noise filtration

good

20 .
e A, — signal
J f* * ® measurements
157 ] _J.r--“"_"-'"_"M._. ®lo—a 8 estimate
] P S P
] e M
10 Y T L
] . o _, e
-’.f . * \-.‘\'._ .
*7 o ¥ o
4 L] 'll .
] ds » — u.-‘ .
0 fof e :
] »
5] . L .
. Q,\_ e e
4 [ ] . \.“x L] _.’H .¢ .
-10 4 R . e
o e LY ,.ff‘.--"
4 H-“ '.‘___w_f: "'_'—.-4" . o
5 ] . h_.p'. I
] . .
20 T T T T T T T T T T T T T T T




too big R,

20

20

-20

too small R,

...... — signal
® measurements
|- — & & estimate




1.13 Kalman filter and unknown model parameters

Example

X
New state X; = [

New model

Ty = QTp—1 + Up + Wy

Ye = Ty + U4

Uy

0

+ +

wl;t
Wa;t

+ W

T | | a 0 Ty 1
a 01 a
Xl;t _ X2;t71 0 Xl;tfl
Xoy 0 1 Xoy1

Xy = Xoy 1 Xig—1 + ug + wiy

Uy

0

+

Xoy = Xoy—1 + way

- must be linearized.



1.14 Derivation of control in pdf

e Jp = yt2 + wu?; 907\[—1—1 =0 minulzN E [Zz{il Jt|d (O)} =

= min F
Ul:N

N
Pnt ZMd(O)] =
t—1

N—-1
= min E [minE [@h + Jyluy.d(N = 1]+ J|d(0)| =
ulz(N_l) UN ~ / —
. YN =1
s

N—1
= min E mingpN+ZJt|d(0)] = min £

Ur:(N-1) uN —1 UL (N-1)

ot S Jt|d<o>]

t=1

— Bellman equations (fort = N,N —1,---,1 do)
or = E [pf + Jilug, d (t—1)]

" .
¥y = 1IN Yy
ug



1.15 Control for regression model

In state form - - - regression model — state-space model (for 2nd order)

/
Ty = [ytv Uty Yi—1, Ut—1, Y1—2, Ut—2, 1]

penalization

2 2 '
y; + wu; = z,0x

where

Yt U Y—1 U—1 Ye—2 U2

Yt 1

Ut w

Yi—1

Ug—1

Yi—2

Up—2




. . / .
Derivation ¢} ; = x,Ryy12; (assumption)

Bellman equations (expectation - model substitution)

E |2 Ry + 2,0 uy, d (t — 1)] =L [:E;Ua:t|ut, d(t— 1)] =
= (Mxy_y + Nu) U (Mzy_y + Nuy) +p =
minimization

=1,  MUMz, 1 +2u, NUM ;1 +u, NUN u; + p =
C B A

= u;Aut + 2u;A A'Br, 4+ :U;_ls,;AStxt_l—l-
St

+f;_10mt_1 - x;—IS;AStxtq +p =

Te—1RiTi—1

= (Ut -+ Stl't—l), A (Ut -+ Stfﬂtfl) + x;_lRtxt,l —+ 1%

Optimal control u; = —S;xs_4 Reminder x;_lRtxt_l +p



Penalization for control increments and setpoint

Jt = (yt — St>2 + WU? + A (Ut — ut_l)Q =

=7 — 28 + 87+ wul + Al — 2 upupq + Al

Yt Uy Yt—1 Ug—1 Yp—2 U2 1

Yt 1 =S¢

Ut W+)\ -2

Yt—1

Ut—1 -A A

Yt—2

Ug—2
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