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Definition

Let V be a vector space over R, M = {vy,va,...,v,} be its basis, A be a symmetric matrix of size
n X n. By a quadratic form on V we mean a real function on V' (F : V — R) defined as

F(z) = (x),, - A-(x)},, z€V.

Note

1. The symbol (z),, means the coordinates of x with respect to the basis M, so that (z),, =
(z1,22,...,2y) for = zyv1 + 2202 + - -+ + THU,.

2. The quadratic form F' can be written as
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Theorem

If V is a vector space over R and F' and G are two quadratic forms on V, then
a) F + G is also a quadratic form on V,

b) aF is also a quadratic form on V for every a € R.



Examples

1. Consider F(z) = 222 + 3y? + 2xy — 4wz + 6yz. Decide whether F' is a quadratic form on
R3 (with respect to the standard basis). If yes, write its matrix.

Yes, it is a quadratic form (see the analytic expression in the definition) and its matrix is
2 1 =2
A= 1 3 3
-2 3 0
2. Consider F(x) = 22 + 4% + o + y — vz. Decide whether F is a quadratic form on R3 (with
respect to the standard basis). If yes, write its matrix.

No, it is not a quadratic form (see the analytic expression in the definition). The ,problematic
part“ is x + y.

Examples

1. Consider
1 2 1
1 0 1)°

Decide whether the matrix A represents a quadratic form on R3 (with respect to the standard
basis).

No, the matrix is not a square matrix.

2. Consider
1 0 1
2 11
1 0 3
Decide whether the matrix A represents a quadratic form on R3 (with respect to the standard
basis).
No, the matrix is not a symmetric matrix.

3. Consider

1 0 -1
0 1 2
-1 2 -3

Decide whether the matrix A represents a quadratic form on R3 (with respect to the standard
basis). If yes, write its analytic expression.

The matrix is a symmetric matrix. Hence

1 0 -1 T
F(z,y,z)=(x y z)- 0 1 21|y | =22 +9% 322 — 222+ 4yz
-1 2 -3 z

is a quadratic form.



Definition

By the rank of a quadratic form we mean the rank of its matrix.

Note

1. If A is a regular matrix, then F'(z) = 0, if and only if x = o.
2. If A is a non-regular matrix, then there exists € V, x # o, such that F(z) = 0.

Definition

The basis N = {u, ua,...,u,} of a vector space V is called a polar basis of a quadratic form F,
if its analytic expression is
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0 0 0 Ann Ty
Note

1. In this case, the matrix A is diagonal.

2. The form F(z) = allx% + aggm% + e annx% is called a polar expression of quadratic form F'.

Theorem

Let V be a vector space of dimension n over R and let F': V' — R be a quadratic form on V.
Then there exists a polar basis {vi,va,...,v,} of V of the quadratic form F that is, there exist
b11,...,b,n € R such that

F(I) = blll‘% + bggl‘g + e —|— bnnCCi,

whenever z = > | x;v;.

Definition

Let F be a quadratic form on a vector space V. Then F
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is called positive definite, if F(z) > 0 for all non-zero z,
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is called positive semidefinite, if F(z) > 0 for all z,

is called negative definite, if F'(x) < 0 for all non-zero z,

o,

is called negative semidefinite, if F(z) < 0 for all z,

)

is called indefinite, if F(x) > 0 for some x and F(y) < 0 for some y.
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Theorem

Let F(x) = allx% + agga:% + -+ annxi be a polar expression of a quadratic form on a vector
space V. Then F is

positive definite, if and only if a;; > 0 foralli=1,...,n,

positive semidefinite, if and only if a;; > 0foralli=1,...,n,

negative definite, if and only if a;; < O foralli=1,... n,

negative semidefinite, if and only if a;; <0 foralli=1,...,n,

indefinite, if and only if a;; > 0 for some ¢ =1,...,n and a;; < 0 for some j =1,...,n.
Definition

By a signature of a quadratic form we mean the 3-tuple of numbers which expresses the
number p of positive entries a;;, the number ¢ of negative entries a;; and the number r of
zero entries a;; in the polar expression of the quadratic form F. We write the signature as
sgn I = (p,q,r).

Note

Let F(z) = allm% + azgmg + -+ annxi be a polar expression of a quadratic form on a vector
space V. Then F is

positive definite, if and only if its signature is sgn F' = (n, 0, 0),
positive semidefinite, if and only if its signature is sgn F' = (k, 0, m), where k, m € N and k+m = n,
negative definite, if and only if its signature is sgn F' = (0, n,0),
negative semidefinite, if and only if its signature is sgn F' = (0,1, m), where [, m € Nand [+m = n,

indefinite, if and only, if its signature is sgn F' = (k,l,m), where k,I,m € N and k + 1+ m = n.

Theorem (the so called Sylvester’s criterium)

The signature of a quadratic form is independent on the choice of a polar basis.

Methods how to find a polar expression of a quadratic form

Our objective now is to obtain a polar form for real symmentric matrices.

I. Process of squares completing

Example

Consider the quadratic form F : R? — R given by

F(x,y,2) = 2% — 22y + 4yz — 29> + 2°.

Find the signature of the quadratic form.



By process of ,,completing the squares® it is readily seen that
F(z,y,2) =2 =20y +4yz =2y + 2° = (¢ —y)* —¢y* + (2 + 29)? —4y” — 2y° =

=(x -y’ =T+ (2 +2y)°

The expression in a polar form is
F(a'y',2') = () = 7(y)* + ()%
The polar form is of rank 3 and its singnature is (2, 1,0), hence a quadratic form is indefinite.

Alternatively, we can work with matrices. The matrix of F' is

1 -1 0
-1 -2 2
0 2 4
and the Jordan canonical matrix is
1 0 0
0 -7 0
0 0 1

II. Symmetric elemetary matrix operations
A short theory

Definition

A matrix A is called orthogonal if A~! exists and is equal to A?. If there exists an orthogonal
matrix U such that B = U'AU = U1 AU, then we say that B is orthogonally similar to A.

Theorem

If A is a square matrix over R, then A is orthogonally similar to a diagonal matrix if and only
if A is symmetric.

Example

Consider the quadratic form F on R? given by
F(z,y,2) = 2 + 22y + 222 + 2y + 227 + 2y2

expressed with respect to the canonical basis. Find a polar basis, polar expression and signature
of the quadratic form.



In order to a diagonal matrix, we will introduce a special matrix. In its first part, there is
a matrix of our quadratic form; in each row of the second part there are vectors from a basis of R3.
In our example, we may chose the canonical (standard) basis, therefore {(1,0,0), (0,1,0),(0,0,1}.
We will transform our matrix by symmetric elementary operations, thus we will make the same
elementary operations to rows as well as to columns in the first part of our ,,special matrix“.

The matrix of F' is
1 1 1
1 2 1
1 1 2

By process of ,,symmetric elemetary operations® it is readily seen that

111100 1 1 1] 1 0 0
121010 |~f(0-1 01]1-1 0 |~
112001 0 0 -1 |1 0 -1
100 | 1 0 0
~lo10 |1 -1 o0
0011 o0 -1

In the rows of the second part of the last matrix, we can see the polar basis B = {(1,0,0),
(1,-1,0),(1,0,—1)}. In the first part of the last matrix, we see the diagonal matrix which is the
Jordan canonical matrix of the original matrix of the quadratic form considered, so that

D=

SO O =

0 0

1 01,

0 1

hence the new analytic expression of our quadratic form with respect to B is
Fa'y',2) = (@) + (y)* + ()

and its signature is (3,0,0). Our quadratic form is positive definite.

Note

The above described method is a suitable tool in linear algebra because it gives us a new
analytic expression, a signature as well as a polar basis.

* % ok %k
ITI. Method of general upper minors
A short theory

We will use what we learnt in the chapter Determinants.



Theorem
Let A be the matrix of a quadratic form and let us denote by det Ay, det Ao, ..., det A,, = det A

the sequence of general upper determinants of a matrix A. Then

. if all entries of the sequence of general upper determinants are positive, then the quadratic form
is positive definite.

. if the sings of entries of the sequence of general upper determinants alternate, which means
—,+,—,+,..., then the quadratic form is negative definite.

Examples

1. Consider the quadratic form F : R® — R given by the matrix

— ==
— N =
NIRRT

Determine the signature of F.

We calculate the general upper determinants. We obtain the following sequence:

11 1 11
detA1:|1\:1, detAg_‘l 2‘_1, detA;g: 1 2 2(=1
11 2

As we see, all entries of our sequence are positive, therefore our quadratic form is positive
definite and its signature is (3,0,0).

2. Consider the quadratic form F : R?® — R given by the matrix

-2 1 0
1 -1 0
0 0 -3

Determine the signature of F.

We calculate the general upper determinants. We obtain the following sequence:

_9 1 -2 1 0
detA1:|—2|:—2, detA2=’ 1 _1‘:1, detA3: 1 -1 0| =-3.
0 0 -3

As we see, the signs of the sequence of general upper determinants alternate (they are —, 4+, —),
hence the quadratic form is negative definite and its signature is (0, 3,0).



3. Consider the quadratic form F : R® — R given by the matrix
1 01
01 2
1 20

Determine the signature of F.

We calculate the general upper determinants. We obtain the following sequence

1 0 1 01
detA1:|1\:17 detA2:’O 1’:1, detA3: 0 1 2|=-5
1 20

As we see, the quadratic form is indefinite and its signature cannot be determined by using
the method of general upper minors.

Note

The method described above is useful in mathematical analysis (determination of relative
maxima and minima of functions f : R™ — R; if the form is positive definite at x, then f has
a relative minimum at x, and if the form is negative definite at x, then f has a relative maximum
at ). We will study these applications in the lecture Caculus I.

IV. Method of eigenvalues and eigenvectors

Theorem

Each real symmetric matrix is diagonalizable. All eigenvalues of a symmetric matrix are real.
If u is an eigenvector associated with the eigenvalue \; and v is an eigenvector associated with
the eigenvalue A; and A; # A;, then the vectors u and v are orthogonal, that is, v -v = 0.

Note

It should observed that the polar basis contains eigenvectors, so that it is an orthogonal basis.
Eigenvalues are on the diagonal of the Jordan canonical form.

Example

1. Consider the quadratic form F : R3 — R given by the matrix

A=

w N O
S O N
O O W

Find its polar basis and signature.



We calculate eigenvalues and eigenvectors:

-2 2 3
det (A — \E) = 2 A 0] =-) ) -13)=0.
30 -\

As we see, the eigenvalues are
A =0, A=+V13, A3=-V13.

Hence the Jordan canonical form of the matrix A is

0 0 0
0 V13 0],
0 0 —V13

its polar expression is F(2',y’,2") = 0(2')? +v/13(y')? — V/13(2')? and its signature is (1,1, 1).

Now, we can calculate three independent and orthogonal eigenvectors.

0 2 3 x 0
(A-0-E)-vt=0o"=[2 0 0])-ly]|=1]0 = v =(0,3,-2),
300 z 0
—/13 2 3 T 0
(A=V13-E)- vl =o' = 2 —/13 o]l-{y|=1(0 = w=(V/13,2,3),
3 0 —V13 z 0
VI3 23 T 0
(A+V13-E) vl =o' = 2 V13 0 y|l=(0] = wv=(-V132,3).
3 0 V13 z 0

The polar basis is {(0,3,—2), (v/13,2,3), (-v13,2,3)}.

Exercises

1. Decide whether f is a quadratic form. If yes, write its matrix and calculate its signature.

)

f(z1, 2, 23) = 212 + 20% + 2237 4 42129 + 22123 + 22923,

b)
f($1,x2,$3) = 1‘12 — 2$22 + 1‘32 + 2x129 + 421203 + 22973,

)

2 2
f(l‘ha?g, 3;‘3) =x1° — 312" — 2x1T2 + 22123 — 60223,
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d)
f(x1, 22,23, 24) = X102 + 123 + X124 + ToT3 + ToXy + T3T4.
e)
f(l'171'2,$3,$4) —
1'12 + 2%22 + $42 + 41’11’2 + 4$1.’E3 + 21’1‘%4 + 2%2%3 + 2£U2$4 + 2%31’4.
f)
f(xy, w0, 3) = 212 + bwo? — da3? + 22129 — 421203,
g)
(1,20, 23) = 421 + 29 + 3% — 4z 179 + 47173 — 3T0T3.
h)
f(@1, 22, 23) = 22129 + T123 + T223.
i)
fzy, w0, 23) = 2212 + 18292 + 8132 — 122129 + Sx13 — 272023,
j)

f(a)‘l,l‘g,.%'g) = —121‘12 — 3.1322 + —121‘32 + 122129 + —24x123 + 8T2T3.

2. Decide whether the matrices A and B represent quadratic forms . If yes, write their analytic
expressions and express their signatures.

a)
4 21
A:201,B:(?g).
11 2
b)
A=|o0 12 1|, B=
-1 1 2 202
02 1
c)
0 2 -1 2 3 0
A=|2 o 2|, B=[3 20
-1 2 0 02 1
d)
10 0 1 0 3 1
A=|2 1 2|, B=|[-3 0 2
1 21 -1 -2 0
e)
10 1 2 3 2
A‘(1 2)’ B_(320)
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f)
00 1 00 1
A=10 1 2], B=(3 0 2
12 3 120
g)
2 1 1
A=121,B:<g8;>
11
h)
1 0 -1
A:001’32<88>
11 2
i)
2 0 -1
10 1
i)
1 1 -1
A—181,B—<;§§>
11 1

3. Calculate signatures of the quadratic forms f and g.

a)
f($1,12,$371‘4) = *41’1LE4,
g(x1,22) = 212 — 22129 + 4292,

b)

f(xlvxZ) = $12 + 26%22 + 10129,

g(x1,12) = z12 + 56292 + 1621 75.
c)

f(xl,xg,xg) = 81‘12 — 283722 + 14.1332 + 16129 + 14z123 + 3229273,
g(:L‘l,IEQ) = .’212 + 4!1722 + 2:]532 + 21‘11’2.

d)

flx1,22,23) = 21’12 + 3:1:22 — :c32 + 22179 + 22023,

g(x1,22,73) = 39612 + 23322 + :U32 — 2x123.

f(21,22) = 1% + dzy29 — 297,

9(371,3;‘2) = $12 + 6x120 + 5.2322.
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f(xl,l'g,l'g) = 2].1‘12 — 18.’£22 + 61’32 + 4$11’2 + 28$1{E3 + 6$2$3,

g(w1, 29, 23) = 1121% + 6292 + 6237 — 120129 + 122123 — 62273

f(l‘l,IQ, 133) == 141‘12 - 4I22 + 171}32 + 81’1I2 - 401‘1I3 - 261‘2.’537

g(x1, 20, 23) = 9712 + 6222 + 623% + 122120 — 102123 — 20073,

f(al‘l,l‘g,xg) = 31‘22 + 33332 + 4dx1x9 + 41123 — 22923,

g(x1, 20, x3) = Tx1? + Two? + Tws? + 20100 + 20123 + 23073,

2
f(x1, 22, 23) = 217 — 22122 — 22123 — 2x273,

g(x1, z0, 23) = 3212 4 3122 — 232 — 62123 + da0T3.

fzy, 0, 23) = 11212 + 5xo? + 2232 + 162120 + 42123 — 207223,

g(xz1, 20,23) = 212 + 192 + 5x3? — 61119 — 22173 + 2x0T3.



