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1 Notation

1.1 Scilab notation

1.1.1 Dimensions
e nd — number of data
e ni — number of initial data
e ns — length of regression vector
e nS — length of extended regression vector
e nL — number of data for training (learning)
e nT — number of data for classification (testing)
e np — length of prediction
e nh — length of control interval
e mc — number of values of discrete variable
e ky — dimension of output
e ku — dimension of input

o kxr — dimension of state

1.1.2 Variables

e yt — continuous output
e ut — continuous input
e zt —discrete output

e ut — discrete input

e ct — pointer

e yp — prediction

e ce — pointer estimate

1) — continuous regression vector

e ¢ — discrete regression vector



1.1.3 Objects
e Sim — object Simulation + data
e Fst — object Estimation
e Pre — object Prediction
e Con — object Control
e Fil — object Filtration
e Cla — object Classification (can be also in Est)

e Hyp — object Hypotheses (can be also in Pre)

1.1.4 Component models
e (C'y — component for continuous data
e (C'z — component for discrete data
e (C'x — state component
e (e — exponential component
e Cu — uniform component

e (C'p — component for pointer

1.1.5 Model requisites
e ord— model order
e th— parameters or their estimates (reg. coeffic. or table probs)
e tha, thb, thk — regression coefficients
e cv— noise covariance or its estimate
e sd— standard deviation or its estimate
e psi— regression vector
e Psi— extended regression vector
e V— statistics (either GIW or Di)
e ka— data counter
e rw, rv, rx — covariances in KF
e M, N, F, A, B, G— parameters of state model
e stp — set-point

e Om — penalization matrix ' - Om - x



e om — penalization of y-square

e [a — penalization of u-square

T — period of sampling

e T0 — basic period of sampling (measurements)

1.1.6 Structures

e normal component
Sim.Cy(i).th — reg.coef.
Sim.Cy(i).cv — covar.
Mix.Cy(i).th — reg.coef.
Mix.Cy(i).cv — covar.
Mix.Cy(i).V — statistics
Mix.Cy.ka — counter
Mix.yp(:,t) — final store

e categorical component
Mix.Cz(i).th — parameters
Mix.Cz(i).V — statistics

e state component
Sim.Cx(i).M
Sim.Cx(i).N

Sim.Cx(i).A

Sim.Cx(i).B

Sim.Cx(i).rw

(i)
(i)
(i)

Sim.Cx(i

Mix.Cx(i).rx — current estimate

-

TV
Mix.Cx(i).x — current estimate

Mix.Cx(i).yp — current estimate

Mix.rx — merged covariance estimate (from components)
Mix.x — merged state estimate (from components)
Mix.yp(:,t) — final store of variable

Mix.xt(:,t) — final store of variable

e pointer model
Mix.Cp.th — alfa
Mix.Cp.V — nu



1.2 Densities
1.2.1 Continuous distributions

For X, Y continuous random variables and z y realizations we denote

fxy (xly) = £ (zly),

the names of random variables are indicated by their realizations.

1.2.2 Discrete distributions

For I, J discrete random variables and ¢, j their realizations we denote
fI|J (ilj) = fI =ilJ =j)

1.2.3 Mixed distributions

For X, Y continuous and I, J discrete random variables and z, y, i, j their realizations we denote
fX7I\Y7J ($,2|y,j) = f(Jf, I= Z|yv J :j)

1.2.4 Chain rule

f(AaBan"' 7Z):f(A|B707"'Z)f(B|C="' 7Z)"'f(Z)

1.2.5 Bayes rule

f(BJA,C) f (AIC)
f(BIC)

f (A|B, C) =

2 Trifles

2.1 Formulas
2.1.1 Derivative of determinant

For symmetric matrix A the derivative of its determinant is
0
—|A| =1A]A71
1A = 14

2.1.2 Derivative of matrix inversion

For symmetric matrix A the derivative of its inverse is given by the formula

0
714—1 _ _A—2
0A



2.1.3 Derivative of square form

For = a vector and A symmetric matrix it holds

9.
%tr (' Az) = 2Ax

iar:’A_laz: = Az’ A7!

0A

2.1.4 Inversion lemma

For matrices A, B, C, D of compatible dimensions, it holds
(A+BCD) ' =A"'—A7'B(C™' + DAT'B) " DA™}

2.1.5 Completion to squares
Scalar case

For scalar variables z and y and constants a, b, ¢ it holds

b b \? b \?
2 4+ 22—y + (y> - <y)
a a a

b \> o, b, b \> ac—b* ,
alz+-y| tey"——y"=alz+-y| + Y.
a a a

az? 4+ 2bzy + ey’ =a +ey? =

a

Vector case

For variables x and y in the form of column vectors and constant matrices A, B, C with corresponding
dimensions, A a C' sammetric, it holds

2’ Az + 22’ By +y'Cy =
=2’ Az + 22" AAT By + (A7 By) AA™'By — (A"'By) AA™ By +y/Cy =

’

=(z+A'By) A(z+A'By)+y (C—-B'A™'B)y.

square reminder

2.2 Functions
2.2.1 Kronecker function

The Kronecker function 6 (4, j) is defined as follows

J(i,j){l for i = j O

0 othervise



If a and b are vectors of integers of the same length, the definition of the Kronecker function is analogous

é(a,b):{l for a; = b;, Vi )

0 othervise

2.2.2 Dirac function

The Dirac delta function ¢ (¢t — 7) is defined as a functional acting on continuous functions g (t) as
follows

/Oongt—ﬂdmg(t) (3)

— 00

It can also be characterized as a function which has almost all values equal to zero only in the origin,
oo

i.e. for its argument equal to zero, has a value equal to infinity so that it holds [ 0 (1) dr=1.

2.2.3 Gamma function

T (u) :/ e T dx
0

Formulas
F'u+1)=ul(u)

2.2.4 Incomplete gamma function
S
T (u,s) = / v te * da
0
2.2.5 Beta function

1
B (u,0) = / P (1= )" dp
0

Formulas . I ()T (0)
(4 0) = T T o)
Bu+1,v) = " UB(u,v)
2.2.6 Multivariate beta function
B (up,ug, - up) = LI, ()

for vector argument.

2.2.7 Generalized beta function

oy IL T (uay)
= 1;[ T (3, ua;)

for matrix argument.



2.3 Distributions
2.3.1 Exponential family of distributions

A random variable is said to have a distribution belonging to the exponential family is its probability
density function can be given the form

f(z;0) = A(©)exp{(Q(O), D (z))} (4)

where © is a parameters of the distribution, A and @ are functions only of the parameter © (not data
x), D is a function only of the data 2 (not the parameter ©) and (-,-) denotes a scalar product, linear
in @, i.e. we demand so that it holds

Zai (Q, D) = <Q» ZaiDi>

2.3.2 Categorical distribution (static)

Probability function of the distribution is

f(ylp) = py
an it can be given a form of the table
y ‘ 1 2 -
fF@ Ipm p2 - pa

where p; are probabilities, p; > 0,i=1,2,--- ,nja Y -, p; =L

2.3.3 Categorical distribution (dynamic)

For v discrete regression vector the distribution is

f (Z/WJ»CY) = Qy|yp-

and in the table, for y € {1,2} and ) = [u, v]’, kde u,v € {1,2}

f (ylu,v)
[u7v] y=1 y=2
L1 | air oo
1,2 a1p12 G212
2,1 Q21 G2)21
2,2 Q22 (|22

where o), conditional probabilities, 25:1 ;e = 1, V4, k.



2.3.4 Dirichlet distribution

Dirichlet distribution has pdf

fela) = 5= 1 ] o

1EY* pEP*

kde

v is a statistics of the distribution with the same structure as the parameters has,

B (v) is generalized beta function (see 2.2.5)

2.3.5 Normal distribution

Normal distribution for scalar y has the form

1
m,r) =
(ylm.r) =
and in multivariate case
RO pp——— {1< Y >}
m,r) = expq —— —m)r -m
Yt (27r)" 7] D) Yt Yt

with expectation m and variance r.

Dynamic normal distribution

[ (Y|, ©) = - 0 eXP{—er (yt - ¢;9>2}~

Ver

1
0.5 L2
r exp{ o (y: —m) } .

where 1), is a regression vector, © = {6, r} is a set of parameters {regression coefficients, noise variance} .

Expectation

E[thJt,@] :1/1;9»

Variance
D [yt|wt’®] =T

Another form for normal distribution is

I (yelvy, ©) = \/12?r0~5exp{21r [-16'] D, [ _91 ”

where D; = [ } [ys 4] is called data matrix.

Yt
(on

10



2.3.6 Gauss-inverse-Wishart (GiW) distribution

The distribution has the form
05k 1 -1
Fela) xrom e { g 101w | [ ®

where k; and V; are statistic (k; is called counter and V; is extended information matrix).

2.4 Principles

2.4.1 Natural conditions of control
f(Olug, d(t —1)) = f(Old(t - 1))

as uy is a function of d (¢t — 1) and nothing else. From it, using Bayes rule, we have
fw]©,d(t —1)) = f(uld(t—1)).

The assumption is based on the fact, that he, who estimates and who controls is one person.

2.4.2 Approximated prediction with regression model

If © is an unknown random variable, the Bayesian statistics treats it optimally through its posterior
pdf f(O|d(t)). E.g. to express the data prediction f(di|d(t — 1)) using the model f (d¢|¢y,®) we
proceed optimally as follows

Fdild(t—1)) = /f(dt,eu(t—1>>d@:/f<dt|¢t7e>f<e|d<t— 1))do

where f (d¢|¢r, ©) is parametrized model and f (©|d (t — 1)) is posterior pdf estimating © taken from
the last step of estimation.

The approximate way, substantially simplifying computations, is lays in substituting the posterior pdf
by a Dirac function (see 3)

FOldt—1) =34 (@,ét,l)

where ©,_; is point estimate of © for time ¢ — 1. We obtain
fdid(t—1))=f (dth ét—l)

which is equivalent to substituting the point estimate ©,_; for © instead of working with the full
posterior pdf for ©.

2.4.3 Quasi-Bayes approximation

In Quasi-Bayes we deal with the object ¢ (¢;,¢) where ¢; is random variable (pointer denoting active
component) and i is integer (some realization of ¢;).

If the activities of components in mixture model are known, ¢ (¢, ) can be considered a distribution
of ¢; with all zeros and one only on the position of the active component.

If the activities are not known, i.e. we do not know the correct i, we must treat the function § (¢, )
only in its expected value.

11



2.4.4 Approximated likelihood

Continuous model
Likelihood L; (©) for model f (y:|¢t, ©) is defined as

t

Ly (@) = H f(y7'|wﬂ@) =

T=1
t—1
= F Wi, ©) [ £ (weltbr, ©) o f (e, ©) f (B (£ — 1))
T=1

If we want to evaluate model behavior (model given by its parameters) with respect to the data or to
compare several models (each given by its parameters) for the data sample, we can use likelihood of
variances (v-likelihood)

LY = / L, (©)de.
(._)*

However, construction of the likelihood and even computation of the integral does not need to be
simple. That is why we introduce approximated v-likelihood (a-likelihood) as

Ly =f (tht’ét—l) .

A motivation for the definition is as follows:

L::/ £ (b, ©) f (Old (t — 1)) dO
@*

and for f(O|d(t — 1)) — 6 (@,ét_l) we have

Ly =f (yt‘d}taétfl)

where ©,_; is point estimate of parameters and y,, 1, is actual data sample.

Discrete model

Analogously to the continuous case, the a-likelihood for discrete model
f (3/t|1/1t»04) = Qo
can be defined as a model with point estimates of parameters and actual data sample inserted
L? = dyt\wtﬁ*l

which cam be obtained from the model with &;_; inserted, taking the element of the table in the
column given by the value of y; and the row corresponding to the code of ;.

12



3 Objects

3.1 DModels
3.1.1 Dynamic pointer model

o pdf

f(Ct|Ct—1a04)

e parametric form

ct,l‘ctzl =2 =3

1 a1 Qo1 a1
2 a2 Q2|2 Qas|2
3 Q)3 Qg3 Q3|3
3.1.2 Static pointer model
e pdf
f(etla)

e parametric form

Ctil Ct:2 Ct:3
a1 Q2 a3

3.1.3 Regression component

e pdf of the c-th component

fe (yt|¢t79(c))

e parametric form ,
Yt = wte(c) + ey

13



3.1.4 Categorical component

e pdf of the c-th component

fe (2160, 01)

e parametric form

[ug z¢—1] | z2e=1 2=2
1 1 @(C) @(C)
| i
C C
b2 Ome O
L Yl Oam
2,2 ®1|22 @2\22

3.1.5 State-space component
e pdfs of the c-th component
fe (yelze—1, ur)
Je (@e|ze—1, uy)

e parametric form
Y = A(C)wtfl + B(C)ut + G(C) + vy

Tt = M(C)J}t_l + N(C)ut + F(() + Wi

3.1.6 Mixed-data component

e pdf of continuous part of the ¢c-th component

Je (yt|1/)t>@(c))
Where,l/}t: [ytflv"' ) Zt»"'autv"']

e pdf of discrete part of the c-th component

fe (Zt|¢>tﬂ9(c))
where ¢y = [zt-1, 2t—1," ] (no continuous variable present)

e parametric form of the continuous part

ye =10 + e

e parametric form of the discrete part

14



3.1.7 Logistic model

e pdf of the c-th component

fe (yt = O|$t7 b) ~p
fe(ye =1lag, b) ~1—p

e parametric form

_exp {zb}
P=17 exp {xb}
1

lop—e ——
b 1+ exp {z:b}

3.2 Conjugated priors

3.2.1 Gauss-inverse-Wishart pdf

F(Old(t) oc 7792 exp {_217' -1, 0V, [-1, 9’]l}

where © = {60, r} are model parameters: regression coefficients and noise variance, k; and V; are
statistics for estimation - see (2.3.6).

3.2.2 Dirichlet pdf
Viljst
fald®) = Lo}
il

where « is a matrix of parameters, v; is a matrix of statistics for estimation (with the same form as
a) - see (2.3.4).

15



3.3 Statistics update
3.3.1 Update for continuous model

e regression model

Vi = Vi +w?
Ky = Kg—1+1
e regression component
V9 = V)t we v
Y = R e
3.3.2 Update for discrete model
e categorical model
Viy = Viu—1+1  static pointer
Viljst = Vij;e—1 +1 dynamic pointer
e categorical component
Vi = Vg1 + Wiy static pointer
Vijt = Vilji—1 + Wji,e dynamic pointer

3.4 Point estimates
3.4.1 Point estimate of regression model parameters

e partitioning of information matrix

Voo Vi | O
e point estimate of regression coefficients
0, =V, 'V
e point estimate of model noise variance

s Vy — Vywvw_lvyl/f

Tt

Kt

16



3.4.2 Point estimate of categorical model parameters

n
Gt = Vigt/ E vj,+ static model
=1

n
OAéi|j;t = V’L\j;t/ E Vi|j;t static model
k=1

Point estimates of parameters are obtained by normalization of statistics (in rows in dynamic case).

3.4.3 Dynamic weights of components

Wi = fi (tht, ét—l) Gilji—1 f(cim1 = jld(t —1))

comp. model ptr. model ptr. prior

Implementation

*

e 17 - column vector of f; (yt|wt,(:)t_1) fori=1,2,--- ,n.=c
® G- square matrix of &;;,—; for i, j€ c*

e f - column vector of f(¢c;_1 = j|d (t — 1)) for j € ¢*

3.4.4 Static weights of components

Wiyt = fi (tht’ ét—l) f(ci—1 =ild(t—1))
—_—

comp. model ptr. descripton
Implementation

e 17 - column vector of f; (yt|z/)t,(:)t,1) fori=1,2,--- ,n,=c*

17



e f - column vector of f (c;—1 =i|d (t — 1)) for i € ¢*

wt:f*m

where .x is entry-vise “dot product”.

3.4.5 Kalman filter

f(xi—1|d (1)) < f (yelwe—1) f (xe—1|d (t — 1)) filtration
fxed (t)) o< f(ze|Tp—1,us) f (x4-1]|d (t)) prediction

Point estimates for normal distribution

fyelei—1, ue) = Ny, (Axt_”t_l + Bu; + G, ry)
[ (we|wi_1,up) = Ny, (Mxt—l\t + Nug + F, ?"z)

f(xild (7)) = Na, (a5, Rij)
forilj=t—1t—1, t —1[t, ¢t
Kalman filter
Yp = Ary_qp—1 + Buy + G output prediction
Rp = T'y + ARtfl‘tflA/

Ri 1t = Ry_1jp—1 — Ry—1p1 ARV ARy 14

K= Rt_l‘tA’rgl Kalman gain
T = Te_1p—1 + K (Y — yp) state correction
zyp = Mxy_qp + Nug + F state prediction

Ry =ry + MR,_1, M’

4 Derivations

4.1 Formula for beta function using I'

The multivariate beta function of x = [x1, 29, -+, ©,] is defined through the integral
1 1 n
B () =/ / 11#5 dpr---dpn
0 0 =1

18



where p; >0 Viand Y., p; = 1.
We are going to show, that it holds

T T (x
B(r) = Lt 72
I(X i i)
Proof: For n = 3 the integrand is

1 2 Z: 1 2 p e
PPy (1 —p1—p2)™ = pi'p; {(1—291) (1—1_2p1)] = (%)

we substitute 121 =q > pr=q(1—p1)
(*) =pi'as* (1= p1)™ (1= p1)™ (1 - q2)™ =
— p:fl (1 _ pl)w2+x3 q;cz (1 _ q2)w3
After integration we obtain
B ([L‘l,{L‘Q + :L‘g) B (:L‘27{,C3) =
T (331) T (.%‘2 + .’173) I (1]2) T (1‘3) _ T (1‘1) I (.’172) T (.’L’g)
F(Il +I2+SE3) F(l‘2+l’3) F(Il +l‘2+l’3)

4.2 KL distance for categorical distributions

Kerridge inaccuracy between two discrete distributions f and g is

K=Y filn— ==Y filng,

4.3 KL distance for normal distributions

Kerridge inaccuracy between two normal distributions f and f; is

1 ri  (m; —m)?
K== |ln@2nr)+ — 4 ——
2 T T
Derivation
K /f (x)1 L d
i = . (X)) In Xr =
f (@)
1
= /NI (mg,7;)In dx =

b0 e {35 (= m)’)
— /Nx (i, 7s) {0.5111(2771") + % (z — m)ﬂ dr —

=0.51n (277r) + % / ({z —mi} + {mi — m})? Ny (mg, ) dao =

=05 {ln (27r) + % {’"i +(mi = mﬂ }
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