
Probability and statistics

examples to entrance examination for the PhD study

1 Descriptive statistics

1. Example:

Determine the average from the data given in the table by its values xi and frequencies ni

xi 1 2 3

ni 15 60 25

2. Example:

Determine the median from the data given in the table as values xi and frequencies ni

xi 15 20 30

ni 15 32 47

2 Combinatorics

1. Example:

Determine the number of ways in which it is possible to sit down �ve persons on a bench with
�ve positions if

a) two of them want to sit together,

b) two of them want to sit together on an edge of the bench?

2. Example:

In a store there are 8 good and 2 defective products. Determine how many ways it is possible
to pick up four products so that at least two of them were good?

3 Probability

1. Example:

A machine is composed of 100 components conneced so that a defect of any element leads to
a malfunction of the whole machine. The probability of any component to brake is equal to
p. What is the probability that the machine does not work?

2. Example:

There is 100 products in a store. By check we learn that 12 products have expired warranty
period and 18 have damaged wrapping. 75 products are without any damage. What is the
probability that a randomly chosen product has both the mentioned defects?
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(a) Example:

Two competitors, one after another, throw a dice. The winner is that one who �rst gets
6. What is the probability, that the winner is he who started the game?

3. Example:

What is the probability of winning the second prize in Sazka (i.e. to guess 6 numbers correctly
out of 49)?

4 Random variable

1. Example:

A random variable takes values from the set {1, 2, 3} . For their probabilities it holds P (1) = 2p,
P (2) = 0.5 − p and P (3) = p. Draw the density and distribution function of this random
variable.

2. Example:

A random variable has a density function

f(x) = 2−k sin(x) pro x ∈ (0, π).

Determine the value of the real constant k.

5 Charakteristics of random variable

1. Example:

Determine the expectation of random variable the probability function of which is given in
the following table

x 1 2 3

f(x) p 1−p
2 0,3.

2. Example:

Determine the expectation and variance of the random variable with uniform distribution on
the interval (3, 8) .

Function of random variable

(a) Example:

Using the de�nition of the expectation show that it holds

E[X + Y ] = E[X] + E[Y ],

where X and Y are random variables.
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(b) Example:

Perform a transformation of the standard normal distribution N(0, 1) with the probabil-
ity density function

f(x) =
1√
2π

exp{−0, 5x2}

to the random variable with normal distribution N(µ, σ2). Write the transformation
function and the transformed density.

6 Construction of point estimates

1. Example:

Using the moment method (comparison of population and sample moments) construct a statis-
tics for estimation of the parameter p of the Bernoulli distribution with the probability function

f(x) = px(1− p)1−x pro x ∈ {0; 1}.

2. Example:

Prove that the sample mean as a ststistics for estimation of the expectation is unbiased.

7 Con�dence intervals for parametric tests

1. Example:

Determine the both-sided 95% con�dence interval for estimation of the parameter θ, if the
statistics is uniformly distributed on the interval (−2, 2).

2. Example:

On the signi�cance level 5% test the zero hypothesis "the speed of the passing cars has
expectation 50 km/hod." with the alternative hypothesis "the expectation of the speed of
passing cars is not equal to 50 km/hod.". Assume that the population variance is known and
the statistics value computed from the sample is equal to 2,571. Write the critical region for
the test. The table of critical values is

α 0,5 0,25 0,1 0,05 0,025 0.01 0,005 0,0025 0.001

zα 0 0,673 1,282 1,645 1,960 2,326 2,576 2.807 3,090

8 Nonparametric tests of hypotheses

1. Example:

Construct the expected frequencies for uniformity test of occurence of tra�c accidents if the
following evidence has been measured for a given time period: 56 accidents during weekdays,
5 accidents on Saturdays and 18 accidents on Sundays. Compute the value of χ2 statistics for
this test.

2. Example:

Construct the expected frequencies for the test of independence of the numbers of tra�c
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accidents (N: zero, 1-10, above 10) and the sex of the driver (P: mail, femail) for the data
from the contingency table

P\N zero 1-10 above 10

mail 26 5 15
femail 34 12 3

9 Regression analysis

1. Example:

Write the equation of the regression line for the data

xi 1 3

yi 1 5

and determine the value of the sample correlation coe�cient.

2. Example:

Write the equation of the exponential regression and perform its linearization.
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